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ABSTRACT 
Battery systems based on alkali metal anodes and solid solution cathodes, 
i.e., cathodes based on the insertion of the alkali cation in a "host lattice," 
show considerable promise for high energy density storage batteries. This 
paper discusses the interaction between battery requirements, in particular 
for vehicle propulsion, and electrochemical nd constructional factors. It is 
argued that the energy obtainable at a given load is l imited by saturation of 
the surface layers of cathode particles with cations, and that the time before 
saturation occurs is determined by diffusion of cations and electrons into the 
host lattice. Expressions are developed for plane, cylindrical, and spherical 
particles, giving the relation between battery load and the amount of cath- 
ode material utilized before saturation. The particle shape and a: single pa- 
rameter Q is used to describe cathode performance. Q is the ratio between dis- 
charge time at 100% utilization of the cathode at the given load, and the time 
constant for diffusion through the cathode particles. This description is ex- 
tended to cover short peak loads characteristic of vehicle propulsion. On the 
basis of estimated parameters for the Li/TiS2 couple with LiC104-propylene- 
carbonate electrolyte the properties of plane cathodes or cathodes con- 
sisting of few layers of particles are examined in relation to traction require- 
ments. In this context l imiting currents in the electrolyte phase are discussed, 
and a relation between the maximal allowed values for particle size and 
electrode spacing is derived. For nonporous electrodes the l imiting factor is 
cathode surface saturation. A qualitative discussion of porous cathodes indi-  
cates that the cathode thickness, and thus the over-all specific energy, is 
l imited by cation transport in the pore electrolyte when the cation diffusion 
coefficient in the solid exceeds 10 -10 cm 2 sec -1. On the basis of an approxi- 
mate relation between cathode thickness and electrode spacing the specific 
energy for the Li/TiS2 system with organic electrolyte is estimated to be 120- 
150 W-hr /kg in agreement with published values. 
The development of advanced secondary battery 
systems for vehicle propulsion and load levell ing has 
created considerable interest in high energy electrode 
couples and means to adopt these for practical battery 
systems. 
To obtain high specific energy and power the cell 
reaction should have a high affinity, and include as  
few phases and kinetic steps as possible. In this re- 
spect cathodes based on nonstoichiometric compounds 
able to accommodate large quantities of cations with- 
out phase changes are very attractive. A class of these 
compounds is intercalation or solid solution mate- 
rials as reviewed by Steele (1). Combined with anodes 
util izing alkali or alkaline earth metals the require- 
ments above are met in an ideal way. The cell reaction 
in this case is 
8A + H(A+,e-)x=H(A+,e-)x+~ [1] 
where the alkali metal cation together with an elec- 
tron are inserted in the "host lattice" without produc- 
ing new phases or disrupting this lattice as long as x 
stays inside a certain homogeneous range. To obtain 
high specific energy a low chemical potential of the 
inserted cation and a wide homogeneous range for x is 
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required. In the event that the host lattice is based on 
a transition metal compound, the inserted cation can 
retain its ionic nature [Silbernagel (3)] as the elec- 
tron can be accommodated in the electronic structure 
of the host lattice. This gives the desired low chemical 
potential and enhances the reversibil ity of the cathodic 
reaction. 
To obtain high specific power the transport of the 
cation-electron pair in the host lattice should be fast. 
Therefore suitable materials for solid solution cath- 
odes have a high electronic conductivity and a high 
mobility for inserted cations. These requirements are 
met by some layered compounds where cations can be 
accommodated between the anion planes where only 
weak van der Waals forces are present. 
Witt ingham (4) and Steele (2) have given exten- 
sive reviews of these materials. In particular the  d i -  
and  trichalcogenides of the transition metals are 
promising materials [Broadhead (5), Wittingham (6)] 
and among these TiS2 appears to be the preferred ma- 
terial today. 
In relation to the solid solution electrode materials 
mentioned above, it is of interest to note that the 
cathodes in two of the "classical" battery systems, viz., 
the secondary Ni/Cd system and the pr imary MnO2/Zn 
battery, work as solid solution electrodes. 
1311 
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As ear ly as 1946 Colemann (7) proposed that the 
cathodic process in the MnO2 cathode was DISCHARGE:  
Mn02 + H + + e- ---- MnOOH 
and that the rate controll ing process was diffusion of 
protons in the cathodic material.  
This theory has been developed further by several  
workers [Scott (8), Bode (9), Kozawa ( i0) ,  and 
Gabano ( l l ) ] .  
Recently it has been shown by Ikeda (12) that Li + 
can be inserted in some types of 7-MnO2; there is, 
however, some doubt as to the reversible range of x 
for the manganese dioxides. For the NiOOH/Ni(OH)2 
electrode, Lukovtsev (13) proposed the insertion of 
protons in the lattice, and Tuomi (14) developed the 
theory further. Mac Arthur  (15, 16) determined the 
proton diffusion coefficients in the NiOOH lattice. 
It is worth noting that the cathodes based on the 
insertion of protons cannot attain the specific energy 
of systems l ike Li/TiS2 as long as the anodic reaction 
does not produce H +. In the following a battery sys- 
tem with an alkal i  metal anode and a solid solution 
cathode, where the alkal i  cation can be inserted ac- 
cording to [l] wil l  be discussed in relation to a given 
application. 
The solid solution battery systems have as a rule high 
stoichiometric specific energy contents, but the crucial 
point is how much these are reduced when the system 
is adapted to practical battery use. This wil l  to a large 
extent depend on the ratio between the rate capabil i -  
ties of the ca lor ie /e lect ro ly te  system and the power 
required from the battery.  
Rate Limitations in the Cathodic Process 
One of the advantages expected from the use of 
solid solution electrodes is a small transfer overvolt-  
age, because the charge transfer process does not de- 
pend on electron transfer between an electron con- 
ducting metal and a redox system in an ion conducting 
electrolyte. 
In solid solution electrodes the electrons are trans-  
ferred from the metal into the electron-conducting 
cathode material.  The cations are l ikewise transferred 
between the electrolyte and the solid solution, both 
phases being solvents for the cation. 
These processes are probably fast and consequently 
the cathodic processes are treated as reversible with 
a negligible transfer overvoltage. 
In this work the anodic processes are not treated 
in detail, and the associated overvoltages are neglected 
in the following. Thus the overvoltage terms influenc- 
ing the battery terminal  voltage originate mainly 
from transport of the cations ifl the electrolyte and in 
the solid solution electrode. 
The transport in the electrolyte depends on which 
type of e lectrolyte--sol id on conductor, molten salts, 
or organic solut ions-- is used. In the following we as- 
sume that an electrolyte consisting of a 1,1 salt of the 
anode metal  dissolved in an organic solvent is used. 
With this type of electrolyte the cation transport  is 
dr iven as well  by the electric field as by a concentra- 
tion gradient, whose magnitude depends on the cation 
diffusion coefficient. 
Materials used for solid solution cathodes usual ly 
have a high electronic conductivity. Therefore the 
electric field in the cathode during current flow is low, 
and the cation transport in the solid wil l  take place 
through chemical diffusion, result ing in a concentra- 
tion gradient between the surface and the interior of 
the cathode. 
These phenomena are i l lustrated in Fig. 1 which 
depicts the cation concentration profiles during dis- 
charge and charge. According to the discussion above, 
the behavior of the system under load is control led 
by the interfacial  concentrations CA* and Cc* in the 
electrolyte, and cs* in the cathode. 
Anode Electrolyte Cathode 
c, Limit ;,~~~~, 
d a: 
UJ 
I-- 
CHARGE"  z 
U_l 
I t,_) 
I % , 
"A 
Fig. 1. Cation concentration profiles in electrolyte and solid solu- 
tion cathode, cA*, Cc*, cs* interfacial concentrations. Co initial 
concentration in electrolyte. - - - -  profile at surface saturation. 
Hatched area: not utilized part of cathode. 
C 
In general these concentrations are functions of 
current density and time. However, a steady state wil l  
rapidly develop in the electrolyte accompanied by a 
l inear concentration profile. In the cathode no steady 
state during load is possible. As long as the interracial  
concentrations do not approach zero or their satura-  
tion values, their main effect is to create a transport  
overvoltage which reduces the working voltage of 
the battery. The contribution of CA* and cc* to this 
overvoltage can be estimated by a Nernst type of rela-  
tion. As the current density during normal load is 
l imited by the pulse load requirements (see later) ,  
the overvoltage plus the electrical potential  loss across 
the electrolyte layer hardly  exceeds 50 mV. (See Ap-  
pendix A.) 
The reversible cathode potential is determined by 
cs*. During discharge this concentration i creases from 
its init ial value near zero to a saturat ion value, where 
no more cations can be inserted. 
This causes a decrease in cathode potential which 
for Li/TiS2 is about 500 mV (3). During discharge 
cs* is higher than the equi l ibr ium value, Cs, which is 
determined by the total charge del ivered by the bat-  
tery. 
Under the assumption that the transfer overvoltage 
is negligible, the rate dependent overvoltage is then 
determined by the difference cs* -- cs. When cs* is 
not too near the saturation value the total rate de- 
pendent overvoltage is, e.g., for Li/TiS2 of the order 
of 200-300 inV. This decrease in battery voltage can 
general ly be accepted without serious consequences. 
The time when the battery is completely discharged 
at the given load is therefore not determined by the 
overvoltages discussed above, but by the l imiting 
situations which occur when cc* approaches zero or 
cs* its saturation value. In both cases the battery 
ceases to produce current at a useful voltage, and ir -  
reversible reactions at the electrodes may take place. 
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These two l imiting phenomena manifest themselves 
in different ways. In the electrolyte the time constant 
for diffusion is of the order of a few minutes. If the 
current density exceeds the l imiting current cc* at- 
tains a value near zero very fast, independent of the 
state of discharge. Thus this phenomenon works as a 
current l imiter. 
The situation where cs* reaches its upper l imit is 
depicted by the dotted line in Fig. 1. It is seen that an 
amount of cathodic mater ia l  corresponding to the 
hatched area has not been utilized, even if the battery 
must be considered as completely discharged at the 
load in question. 
The consequence is that the coulombic efficiency of 
the cathode has been reduced by an amount corre- 
sponding to the not uti l ized part of the cathode. This 
reduction can be considerable if the concentration 
gradient is steep and the electrode thickness large. 
In the following the load on the battery is charac- 
terized by the stoichiometric discharge time, T, defined 
as 
stoichiometric energy content 
T_-- 
average power required 
T can be considered as a t ime constant characterizing 
the consumer battery system. T is inversely propor-  
t ional to the average discharge current which in the 
following is treated as constant; the influence of short 
intervals with a higher peak load is discussed later. 
The t ime the battery has been under load, t, is trans-  
formed to the dimensionless variable, T, in relation to 
T 
t = - -  [2] 
T 
T is then equal to the fraction of stoichiometric bat- 
tery capacity used at t ime t, and the value of T when 
Cs* reaches its saturation limit, T*, is equal to the 
coulombic efficiency of the cathode. 
In the following the concentration profiles as func- 
tions of T and with the electrode thickness and T as 
parameters  are calculated. This is done by solving the 
diffusion equations for three different shapes of the 
cathode particles assuming constant current load. 
The Diffusion Model 
The model assumes that the cation and electron 
fluxes are uni formly distr ibuted over the entire sur- 
face. This requires that the particles have a high elec- 
tronic conductivity and form contacts with a metall ic 
matr ix  serving as current collector. Even if these re-  
quirements can be met, the typical anisotropy of the 
ion transport  in the layered structures used for solid 
solution cathodes, makes it questionable to what ex- 
tent the assumption about uniform flux density is ful-  
filled. 
The three part ic le shapes considered are: (i) an 
infinite plane sheet of thickness 2r with both sides 
exposed to the electrolyte; (ii) infinitely long cyl inders 
with radius r; and (iii) a number of spheres with 
radius r. 
Start ing with one mole of cathode mater ia l  into 
which n moles of cation can be inserted before satu- 
ration occurs, the total cation flux is n/T.  With an 
average molar volume, Vm, of the host compound the 
surface areas, Sm and flux densities, Jo, are 
~T 
Plane sheet: Sm : Vm/r. 3o : 
TVm 
Rr  
Cylinders: Sm : 2Vm/r. jo = 
2TVm 
n?" 
Spheres: Sm:  3Vm/r. jo : 
3TVm 
C3] 
electrons. Under the assumption of high electronic 
conductivity, it can be described by the simple phe- 
nomenological equations 
ar 
j : - -DV(c ) ;  - -=DV~(c)  [4] 
0t 
where c is the cation concentration and j the flux. D 
is a chemical diffusion coefficient which in general is 
composition dependent. However, very sparce informa- 
tion is avai lable on this dependence and in the present 
work D is treated as constant. Because of this ap- 
proximation and because of the unsolved anisotropy 
problem, the following calculations can only be con- 
sidered as semiquantitative. 
In the present context solutions of [4] are desired 
for the case, where diffusion penetrates the entire 
cathode. Most discussions of [4] appl ied to electrode 
problems are l imited to the semi-infinite case and 
short times (8) with the purpose of extract ing the 
value of the diffusion coefficient. Mac Arthur  (16) and 
van Buren et al, (17) have discussed solutions for 
the double-sided bounded domain, but with potentio- 
static boundary conditions. 
Scholtens and Broers (18), however, have treated 
the uti l ization of the cathode, based on solutions of 
[4] for the plane sheet. In the present work this 
treatment is extended and appl ied to the problem of 
cathode design. 
The init ial and boundary conditions for al l  three 
shapes are 
t :0  al l  x c - -O  
dc Jo 
dx D 
t>  
For plane particles 
t>0 x - -0  
For cylinders 
t>0 x~0 
For spheres 
t>0 x..-* 0 
~c 
- -  = 0 [5 ]  
dx 
dc  
2~X ~ -- 0 
dx 
dc  
4~x 2 -- 0 
dx 
-- r < x < r is the space coordinate which in the 
cyl indrical and spherical case is radial. The last 
boundary conditions express the symmetry  about x = 
0. 
Solutions of the equivalent heat conduction prob- 
lems for large values of Dt / r  2 are given by Carslaw 
and Jaeger (19). Transformed to the diffusion case 
these solutions can be wr i t ten in a general form 
D - ;  -b  
i exp ai~D----~t } 
2~ r2 (~ i~ [6] 
- -  C 
ai 2 T / 
where the ~'s are the nonzero roots in the generating 
equations g (~) = 0, and the C(o,z)'s are circular func- 
tions, a and b are constants, which together with the 
functions C and g are given in Table I including the 
Table I. Constants and functions in Eq. [6] 
Shape a b C(az)  g(~)  ~ ~ a~ 
Plane sheet 1 1/6 cos ~z/cos a sin ~ 7r 27r 3~r 
Cylinders 2 1/4 Jo(~Z)/Jo(~) J l (a )  3.8317 7.0156 10.1735 
Spheres 3 3/10 sin az/s in ~ a cot r - 1 4.4934 7.7253 10.9041 
The  t ranspor t  is a coup led  d i f fus ion  o f  ca t ions  and  Jo and J l  are Beasel functions of first kind of order zero and 1. 
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first three values of ai. Introducing the dimensionless 
variables ~ _-- t/T, z = x / r  and the appropriate values 
for Jo, we get, e.g., for the plane sheet 
F 
n?-2 | Z 2 1 
Vm ~ 2 6 
~i2 -~ ~ ) cos (~iz) 
-2  
,~i 2 COS ~i 
[7] 
The number of inserted cations per mole of host ma- 
ter ial  is cVm;X(x,t)  : cVm/n is then the local de- 
gree of discharge (uti l ization). The time constant for 
diffusion in a particle with thickness r can be ex- 
pressed as r~/D. Thus the ratio Q = T/(r2/D) is a 
measure of how fast the transport  in the cathode is 
compared to the required discharge rate expressed by 
the time constant T. 
Inserting X and Q in [7] we get 
1 ( z  2 1 
X=r+~ 2 6 
! 
- -2~-~ [exp( - -="QT)c~ ]> [8] 
ai2 COS ai  
Simi lar  expressions are obtained for cyl inders and 
spheres. We are pr imar i ly  interested in the surface 
value, X*, which is obtained for z ---- 1. The general  
expression for the three shapes is 
1 1 ~ exp-  ,,?Q~ 
x" = ~ + ~-~ ~-- ~ [9] 
with the following values of the constants A and B: 
Plane sheet Cyl inders ,Spheres 
A 1 2 3 
B 3 4 5 
It is remembered from the discussion above, that 
when X* attains the value 1, the battery must be 
considered discharged. The corresponding value of 
-- T* is the coulombic efficiency of the cathode. This 
is for each particle shape a function of the character-  
istic parameter  Q. 
The expressions above have been formulated for 
the discharge process. They are easily modified for 
constant current charging. In this case T is the time 
necessary to charge a completely discharged battery 
(X = 1). If  the concentration at the start  of charging 
is uniform corresponding to Xd we have for X* 
( [ 1} 1 1 2 exp ~_~i~QT 
[10] 
In this case the critical value of X*  is zero and the 
corresponding value of T indicates the degree of charge 
obtained. However, more efficient charging procedures, 
e.g., constant potential charging, are available. 
Peak Power Requirements 
For many applications, e.g., vehicle propulsion, the 
battery is required to deliver typical ly 3-5 times 
more than the average power for very short periods, 
say 1-2% of T. Due to the l inear propert ies of [4] 
the behavior under this addit ional oad can be found 
as the sum of the necessary number of solutions satis- 
fying the boundary conditions (20). If we assume that 
the battery has t ime to recuperate between successive 
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peak periods, and that the energy consumption during 
peaks is incorporated in the average load figure, it 
is sufficient to consider one peak period at the end 
of discharge. If [9] is written as X* = G(Q, ~) we 
get for Xp* at the end of a peak period of length ~v 
Xp* -- G(QT) + pG(QTp) [11] 
where 9 corresponds to total t ime and p is the addi-  
t ional load during peaks 
peak power 
p = -- 1 [12] 
average power 
As the durat ion of the peak load is short, ~p < 0.02, 
the solutions given in [9] converge too slowly, and 
shor t t ime expressions for the "peak part" of X* are 
required. These are based on the erfc and ierfc type 
of solution. For the plane sheet the solution is wel l  
known; Carslaw and Jaeger (21) have given an ap-  
proximate solution for the cyl indrical case and for the 
spherical case a solution based on the Laplace trans-  
form is given in Appendix B. Introducing Q, Tp, and p 
we get for the three part ic le shapes 
Plane sheet: G (Q, Tp) = 2 ~Q 
Cylinders : G(Q,~p)=( '~ T-~-Q -k~)  
Spheres : G (Q, T,) - k ~- v - ~  -t- --{- 
[13] 
The precision of these expressions is better than 2% 
for Qrp < 0.1. 
Results 
Results are given as sets of curves i l lustrating 
typical relations between X, X* ,% ~*, and Q. 
F igure 2 shows concentration profiles in the plane 
sheet and in equivalent spheres for Q - 1 at dif- 
ferent values of T. For  larger values of Q the distr ibu- 
tion gets more uniform. For 9 < 0.05 the diffusion 
is v i r tual ly  semi-infinite. 
The cathode behavior during discharge is i l lustrated 
by graphs showing X* as a function of 9 with Q and 
part ic le shape as parameters. A set of such curves is 
presented in Fig. 3. As the cathode potential  under 
the assumption of thermodynamic reversibi l i ty is a 
function of X* alone, the X*, ~ graphs can be trans-  
formed into "discharge curves" showing the decline 
of the cathode potential with discharge time. In some 
cases a modified Nernst equation can be used, in 
other cases, e.g., for the Li/TiS2 couple, a l inear re la-  
tion appears to be a good approximation (3, 22). 
However, in all cases the cathode potential  declines 
steeply as X* approaches 1.
The X*, T curves can also be used to find the rate 
dependent "overconcentration" corresponding to the 
cathodic overvoltage. The overconcentration is the 
difference between the dotted line with slope 1 and 
the X*, ~ curve. 
For small values of Q~ the curves are parabol ic 
in shape, whereas for Q~ > 0.3 for the plane sheet 
and correspondingly less for cyl inders and spheres 
the curves approach l inear i ty with slope 1 (18). This 
is a consequence of the l inear ~ term in [9] domin- 
ating over the vanishing exponential  terms divided 
by Q. 
The relation between the coulombic efficiency ~* 
and Q gives the dependence of specific energy on 
power requirements and cathode parameters. This 
relation is obtained by equating X* to 1 and solving 
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(J~'~176 1.0 _ / F/_ 1,0 
To  / ~ i- 
- 0 +r  
Distonce from center. 
Fig. 2. Concentration profiles in particle for Q - -  1 and different 
values of T as indicated on graphs. , plane sheet. - . . . . .  
spherical particle. 
for T*. For constant load the coulombic efficiency is 
plotted as a function of log Q in Fig. 4. 
The peak load level and the peak length will form 
a complicated pattern. For the purpose of determining 
the end discharge a typical peak length and the typ- 
ical ratio between peak and normal load is sufficient. 
For traction purposes the peak will last between 30 
sec and some minutes, corresponding to acceleration 
and hill climbing, respectively. As the total discharge 
time, T, for this purpose is between 1.5-3 hr, the 
peak length will be 0.5-1% of T, i.e., Tp is 0.005-0.01. 
The desired peak power is estimated to 3-5 times the 
average power, corresponding to p ranging from 2 to 4. 
To illustrate the significance of these requirements, 
-c*, log Q curves for the four different peak load con- 
ditions compared with average load are shown in 
1 P c s /, y 'y ,  , , ; . ; - -  
/ ~ I t  . .-" 
/ . ..-/''" Q 0,1 
0 "1 I I I. I I I I I 
9 ~ ~ 
0 0 t ! 
<J P c s 
o 1 , ,/~/, "~S""  
Q' y/,~. -" 0, : 0 ,5  ._ 
o 0 - - i  i r J I [ J ~ I 
0 t l  ' ' i I J , l t -~ 
50 100 
100' I "  k 
Fig. 3. Relative surface concentration X* as function of 9 for 
different values of Q as indicated, p: plane, c: cylindrical and s: 
spherical particles. Dotted line: equilibrium value for X*. 
1,0 
0,B 
L) 
O~ 
L) -- 0,5 
L) 
E 0.,/., 
0 
-5 
0 
~0,2  
AVERAGE LOAD 
spheres/cyli nd./ plane Fig. 4. Cathode efficiency 
(cathode utilization at X* -- I) 
as function of log Q. Average 
load with no peak loading. 
Particle shape indicated on 
graphs. 
0,02 0,05 0,2 0,5 3 
Q 
4 5 
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Fig. 5. The cyl indrical particle shape was used as this 
is intermediate between plane and spherical particles. 
The influence of the peak load is considerable. For 
Q < 0.4 the coulombic efficiency is more than halved 
by the heaviest peak load. 
This reduction of battery capacity as the load, i.e., 
the current, is momentar i ly  increased, is often ascribed 
to the "internal resistance" in the battery. However, 
it is clear from the above discussion that this has 
nothing to do with the ohmic resistance components 
as determined, e.g., by a-c measurements. 
The Q, =* graphs for the different part icle shapes 
for 3 times peak load and peak length 1% of T are 
shown in Fig. 6. 
Transpor t  L imi ta t ions  in the E lectro lyte  
The electrolytic cation transport  is related to the 
current density calculated on the basis of projected 
area of the cathode. For cyl inders and spheres this 
current is different from the expressions given in [3]. 
Assuming that the cathode is made from one layer 
of particles, that cyl indrical particles are arranged 
with their axes perpendicular  to the current, and 
that spheres are hexagonal ly closed packed, the pro- 
jected average current densities, ia, a re  
n~ 
i~ = ;s ~ [14] 
VmT 
where for the plane electrode :f = 1, for cylinders 
:f = ~/4, and for spheres $ = ~/3~/3. 
In Appendix A the cation concentration profiles 
for two plane electrodes spaced a distance d apart  
are calculated for the steady-state situation. A l imit-  
ing current ic* occurs for cc* -- 0 
4FcoD + 
/c* = [16] 
d 
where Co is the cation concentration in the electro- 
lyte, D + the cation diffusion coefficient. 
For  a commonly used electrolyte, 1M LiC104 in 
propylenecarbonate, D + is estimated to be 1.3 10 -6 cm 2 
sec -1 at 25~ z and a usual value for d is 0.03 cm. 
This gives ic* = 17 mA cm -2. The t ime constant for 
the nonsteady-state diffusion is in the present case 
d2/8t-D+. The above data give a value of about 3.5 
min, i.e., the same order of magnitude as the peak 
This  f igure was ar r ived  at by combin ing chronopotent iometr ic  
measurements  by Gabano (23) at 15~ with the f igure fo r  Do = 
3.4 10 ~ cm 2 sec -z g iven by Jasinski (24). 
Fig. 5. Cathode efficiency for 
cylindrical particles as fanction 
of log Q. Average and different 
peak loads, p - -  (peak/average 
power - -  1) indicated on graphs. 
. . . .  "~p = 0.005. "cp --- 
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Fig. 6. Cathode efficiency for 
average -l- peak load, p - -  2, 
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Particle shape indicated on 
graphs. 
_ 0,8 
>,  
0 
t -  
o 0,6 
, .+- 
D 
O 
E 0,4 
O 
O 
(.3 
~0,2  
0,02 
PEAK LOAD 
I I I I I I 1 ~ I I 1 1 I I I I1  I - ' l -  I 
0,05 0,1 0,2 0,5 1 2 3 A 5 
Downloaded 11 Sep 2009 to 192.38.67.112. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms_use.jsp
VoI. 126, No. 8 DYNAMICS OF SOLID SOLUTION ELECTRODES 
periods. The steady-state l imiting current therefore 
is used for peak load conditions. Thus to avoid cur- 
rent l imitation during peaks, the peak current density, 
(P ~- 1)ia must be kept smaller than ic*. Combining 
[14] and [15] an upper limit for the product r .  d, 
dependent on T and the electrolyte and cathode prop- 
erties, is 
4 coVmD + 
r .  d < T [16] 
(p -}- 1)]n 
For a plane cathode of TiS2 (Vm = 35, n = 1), the 
above electrolyte, T = 2 hr and 3 times peak load, 
Eq. [16] gives r .  d < (0.036) 2 cm ~. Strictly [16] is 
only valid for plane electrodes. For d > r it gives a 
reasonable approximation for single layers of cylin- 
ders and spheres. For porous electrodes, (m > 1), Eq. 
[16] holds qualitatively as discussed later. 
Equation [16] and the relation between Q and 
cathode efficiency given in Fig. 5-6 allow an estimate 
of an optimized compromise for the dimensions of 
the cathode and electrolyte layer. 
Discussion 
For a given application, the cost and weight of the 
battery is proportional to T. System designers will 
therefore choose the lowest value for T which satisfies 
consumer requirements. T can range from several 
years for heart pacemakers to minutes for mil itary 
applications. 
The discharge rate, however, is inversely propor- 
tional to T. A low value of T can consequently imit 
the specific energy of the battery depending on the 
rate capabilities of the electrochemical system. 
To demonstrate his, the results obtained in the pre- 
ceding sections are applied to the Li/TiS2 couple with 
the propylene-carbonate-LiC104 electrolyte. 
In these considerations the parameter Q has a cen- 
tral place. It appears therefore reasonable to sum- 
marize the different magnitudes entering in the ex- 
pression for Q 
TD nFD nFD 
r 2 It2 aiVmr 
where I is the current per mole host compound, i the 
current density per unit  particle surface area, and a 
the shape parameter f om Table I. 
The data for the Li/TiS2 couple used in the follow- 
ing are  
Cathode 
112 
35 
2 I0 -s  
metall ic 
Molecular weight: 
Molecular volume: 
Electronic onductivity: 
Diffusion coefficient for Li: 
Voltage range: 
Specific stoichiometric energy: 
The value given for D, the diffusion coefficient for 
Li in LizTiS2, needs some comments. D was deter- 
mined at x -- 0.5 by an electrochemical method. In 
the calculations it was assumed that only the area 
corresponding to diffusion perpendicular to the c axis 
was active (25). The average value will therefore be 
lower, and a value of 10 -s cm 2 sec -1 is used in the 
following calculations. 
As mentioned before vehicle propulsion is an im- 
portant field for advanced batteries and as an example 
the Li/TiS2 system is discussed in relation to this ap- 
plication. Typical for this area is emphasis on low 
weight and good peak load performance. 
The aim for electric cars in the near-t ime future is 
an average speed of 60 km/hr  with a range between 
charges of 100-150 km. This gives a value for T of 
2-3 hr which is near the standard for testing lead 
acid batteries for this purpose. Two hours is used in 
the following and the peak power is estimated to 
three times average load (p = 2) with a peak length 
of 0.01T. 
1317 
With plane cathodes or cathodes consisting of a 
single layer of cylindrical or spherical particles the 
cathode fficiency is determined by the electrode or 
particle thickness, 2r. Existing technology (sintered 
plate Ni/Cd batteries) employs electrode thicknesses 
down to 0.05 cm (r = 0.025). With D = 10 -s  cm~ 
sec -1 and T = 2 hr, Q is then 0.1. From Fig. 6 it is 
seen that with this value of Q a plane electrode has 
very little capacity, whereas cylindrical and spherical 
particles give 11 and 29% cathodic efficiency. 
Generally such low efficiencies cannot be accepted. 
Moreover application of [16] shows that with an elec- 
trolyte thickness of 0.03 cm the current density in the 
electrolyte during peak periods approaches the critical 
l imiting current density. 2 Obviously the electrode or 
particle thickness must be reduced in order to im- 
prove as well the cathodic efficiency as the peak load 
behavior. A possible approach is to use a film electrode 
carried on a thin current collector. An efficiency of 
80% requires Q = 4 for a plane electrode which gives 
r = 43 ~m and a corresponding thickness of a Li anode 
of 20 ~m. As, however, the thickness of current col- 
lector + electrolyte layer hardly can be kept below 
250-300 /~m, the weight of the active components, Li
and TiS2, only amounts to a small part of the total 
weight resulting in a very low "packaging efficiency." 
In Appendix C the packaging efficiency is discussed 
on the basis of the simple models for battery design 
shown in Fig. 7, and for the film electrode this effi- 
ciency is estimated to about 20%. All in all the result 
is a specific energy of about 70 W-hr/kg,  only 15% 
of the stoichiometric value. 
A cathodic efficiency of 80% can also be obtained 
with spherical particles with r -- 100 ~m (Q - 0.7). 
Technologically these appear easier to handle, but 
due to the shape, the packaging is also in this case 
bad, and the resulting specific energy is estimated to be 
80 W-hr/kg. 
If the particle size is increased further to improve 
the packaging efficiency, Q is decreased and the cath- 
odic efficiency falls off drastically. The figures men- 
tioned above appear to be near the limit for this 
type of electrodes. The specific energy densities which 
are obtained, 70-80 W-hr/kg, do not appear very at- 
tractive compared with what is expected from im- 
proved versions of lead-acid, Ni/Zn, and other systems. 
Anode 
7 g mo1-1 
13 cm 3 reel -1 
- -  cme sec  -1  (22) 
2.4-1.9V (22) 
480 W-hr /kg 
A material with a higher value for the diffusion co- 
efficient than 10 -s  cm 2 sec -1 would permit use of 
larger particles, but for batteries with organic elec- 
trolytes the particle size is also limited by the require- 
ments expressed in [16], and an improvement of the 
packaging can generally not be obtained without a 
higher diffusion coefficient for Li + in the electrolyte. 
At less severe loads, e.g., for T larger than 5 hr and 
no peak load requirements, much bette~ results can 
be expected from systems like the Li/TiS2. Specific 
energies in the range of 120-150 W-hr /kg can prob- 
ably be obtained even from plane electrodes about 
0.02 cm in thickness. 
To improve the performance on heavy loads Schol- 
ten (18) has proposed the use of porous cathodes and 
treated some of the problems in this connection. An 
shor t  circuits in high energy density batter ies  represent  a 
ser ious safety  risk and it is not advisable to reduce the e lect ro lyte  
layer thickness except in eases where  a dense separator is used. 
Due to tortuosity and the restr icted cross-sect ion area in the 
separator,  thL~ does usually not  improve the l imit ing current.  
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Anode 9 9 9 
Cathode 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Cathode ~._~~,~---W- 
Spherical Particles 
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Eiectrotyt~ 
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/ m, 
Porous Structure 
9 Current Col lector  
Fig. 7. Models of battery configurations for estimating "pack- 
aging efficiency." 
exact evaluation of the advantages of porous elec- 
trodes is outside the scope of this paper, but a short 
qualitative discussion appears appropriate. For this 
purpose it is convenient to consider the porous elec- 
trode as consisting of m layers of spherical particles 
arranged in a cubic packing as depicted in Fig. 7. This 
model presumes that the cathode material, like TiS2, 
has a very good electronic onductivity. If not, a con- 
ductive material such as graphite must be added, thus 
lowering the specific energy. In case of an electrode 
with a high porosity, the current distribution in the 
pores will tend to be uniform as long as the over- 
voltage is large compared to the electrical potential 
gradient in the pores. For the systems considered here 
this condition is fulfilled, as long as the cation concen- 
tration in the pores does not approach zero. 
This means that we can estimate the total cathodic 
efficiency from Q, calculated for the single particles. 
Consequently by choosing a small value for r, high 
efficiencies can be obtained. Even with D as low as 
10 -10 cm ~ sea -1 a value of 2.5 #m for r ensures an 
efficiency above 90%. 
The packaging efficiency is determined by the total 
cathode thickness m-  r, and by the porosity. For large 
values of m.  r packaging efficiencies in the range of 
60-70% can be obtained. 
The limit for the specific energy is, however, set by 
the cation transport in the electrolyte. To ensure that 
the entire cathode is active, the cation concentration 
even at the bottom of the pores should not approach 
zero. Equation [16] consequently is modified to 
4CoVm D + 
r (d+m.r )  <T  [17] 
n(p 4- 1)1 
where f for cubic packed spheres is ~/6. 
The term d + m.  r requires some comments. In 
the derivation of [16] it was assumed that the cation 
flux density in the electrolyte was uniform. In the 
pores, however, the cation flux decreases to zero at 
the bottom of the pores. In this respect he term d 4- 
m.  r is overestimated. On the other hand the flux 
density at the openings of the pores is considerably 
larger than in the electrolyte due to the smaller cross- 
section area in the pores. It is assumed that these 
two effects approximately cancel. 
As an example assume r = 25 ~m for spherical 
particles. Q i s then  11 and the cathodic efficiency 95%. 
With the electrolyte thickness d -- 0.03 cm we get 
from [17] a maximal value for the cathode thickness, 
2mr of 0.035 cm, and the specific energy is then esti- 
mated to be about 120 W-hr/kg. Without peak load 
(p -- 0) we arrive at a cathode thickness of about 
0.075 cm and a specific energy of 180 W-hr/kg. 
The figures calculated above can for several reasons 
only serve as examples, demonstrating the applicatiori 
of the principles discussed in this work. It is, however, 
worth noticing that for the Li/TiS2 couple discussed 
here, the practically obtained energy density is quoted 
as 134 W-hr/kg at the 1-6 hr discharge rate (26). 
Conclusion 
The description of the properties of solid solution 
cathodes used with an alkali metal anode can be based 
on the presumption that the available energy content 
of a battery with such electrodes is l imited by satu- 
ration of the cathode surface with cations. The ratio 
between the time constant for the battery under load, 
i.e., the stoichiometric discharge time T, and the time 
constant for diffusion in the solid solution particles 
form a parameter, Q, which together with the shape 
of the particles fully describes the behavior of the 
cathode particles under a constant current load. Peak 
loads can be included in this description by specifying 
the peak length and the ratio between peak and 
average load. 
The cathode efficiency, i.e., the util ization of the 
cathode at the end of discharge, is heavily dependent 
on Q. To obtain a cathode efficiency of 0.8 or more, Q 
should be larger than 0.4 for spherical particles and 2 
for plane electrodes. Peak loads exert a considerable 
influence on these figures in particular for plane elec- 
trodes. 
For loads relevant o batteries for vehicle propul- 
sion the particle size necessary to obtain an acceptable 
value for Q is so small that single layer or film elec- 
trodes are out of the question because of a low 
"packaging efficiency" and technological limitations. 
This is under the assumption of solid-state diffusion 
coefficients for the cation in the range of 10 -s  cm 2 
sec -1. For porous cathodes a high value of Q can be 
obtained even in the case of considerably smaller 
values for the diffusion coefficient. However, in this 
case the transport of the cation in the electrolyte 
limits the thickness of the cathode and thereby the 
"packaging efficiency" and technological limitations. 
the battery. 
Although the discussion of these phenomena has 
been based on rather crude approximations, estimates 
based on the Li + mobil ity in propylenecarbonate 
electrolyte show, that for porous electrodes a reduc- 
tion in the stoichiometric specific energy by a factor 
of 4 may be expected for loads corresponding to 
vehicle propulsion requirements. For less severe loads 
the reduction factor will be near to 3. 
Even with this background, the solid solution cath- 
ode systems, as exemplified by the Li/TiS2 couple, 
compare favorably with conventional nd some other 
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advanced battery systems. In relation to the Na/S sys- 
tem the alkal i  metal /sol id solution systems, operated 
at ambient temperature,  cannot compete with regard 
to specific energy content, but they possess great pr in-  
ciple and safety advantages. 
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APPENDIX A 
The init ial  and boundary condition for cation trans-  
port  with current density "i" in an electrolyte layer 
of thickness d is 
d d 
t<0,  - - - - -~x~- -  c(x)  :Co  [A - l ]  
2 2 
d t>0, x=• J§ j -=o [A-9.] 
and for symmetry  reasons 
x :0 ,  C=Co [A-3] 
The t ime constant for diffusion is d2/8t-D+ in the 
order of some minutes. At  larger discharge times the 
transport  is described by steady-state conditions 
j -=O:>d~-=O [A-4] 
de+ z+F D+ c+ d~ i = - -D+- - - -  
J+ = z+F dx RT ~ [A-5] 
where D + is cation diffusion coefficient. 
For a 1,1 electrolyte (LiC104) [A-4J gives 
d~ RT d In c 
c=c+=c- ,  - -=- -  [A-6] 
dx F dx 
Under the assumption of constant act ivity coefficients. 
Thus from [A-SJ and [A-2] 
i dr 
- -  = -- 2D+ [A-7] 
F dz' 
and from [A-3] the interracial  concentrations 
id 
CA* = Co+- -  
4FD + 
[A-8] 
id 
CC* - -  C o 
4FD + 
cc* : 0 gives the l imit ing current 
4FcoD + 
ic* = - -  [A-9]  
d 
Integrat ion of [A-6] gives 
RT CA* 
A~#= F in . [A-10] 
CC* 
which is sometimes confused with an "ohmic poten- 
t ial loss." 
The concentration (Nernst) overvoltage is 
RT CA* 
~]c = In .... [A-11] 
F co* 
The total potential  difference due to transport  across 
the electrolyte is
2RT CA* 
=+]c+ A~= F' In .. [A-12] 
CC * 
If i _-- /c*/3 corresponding to average current when 
peak current - -  ie*, [A-12] gives ~ -- 0.036V. 
APPENDIX B 
Short t ime solution for spherical diffusion with con- 
stant flux density at the surface can be obtained thus: 
The expression for radial  diffusion in a sphere can 
be writ ten 
Oc { 82c 20c  \ 
D ~7~+u 0<x-~r m-lJ 
0-~" 
Using the substitution z ---- x 9 c and taking the Laplace 
transiorm L{c (t,x) } -- u (s,x) 
02(u . x) S 
- - - - (u 'x )  =0 [B-2]  
Ox2 D 
With the solution 
u .x=Aexp- -  . x+Bexp "x  [B-3] 
dr 
Using the boundary condition l im 4~2__  = 0, A = 
~-~o dx 
--B, SO x/" u = 2 sinh 9 z [B-41 
The other boundary condition is 
dc Jo d~ Jo 
x : r ,  = - - - = > - - = - - -  [B-5] 
dx D dx ~D 
Inserted in [B-4] gives for x = r 
~or i i 
u(s,r)  [B-63 (q}) D s l+:~V,~cot  h s . r  
For small t only large s gives a contr ibution to the 
transform. Thus 
~-->0 coth (~V/~D 9 r )  ~ 1 and 
jot 1 I 
u(s,r)  _ - -  [B-7] 
D s r 
~+5-V~ 
Use of part ia l  fractions and inverse transformation 
from standard tables gives 
: : - qT)  e+( )or c 
For the peak period t o and with peak load (p -{- 1) 
times average load we have (see [3] ) 
nr  tp 
where T refers to average load and Jo,u to the addi -  
t ional flux during peaks. Insert ing [B-9] and Q - ID/r 2 
in [B-8] 
p 
Xp = ~ (1 -- exp (QTp) 9 erfc ~/Qrp) [B-10] 
and expanding exp and erfe 
2 " Tp "rp 
where X v is the concentration i crease due to the peak. 
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Toble II. 
m 9 r em 0.025 0.0043 0.01 7 9 0.0025 15,0.0025 
d em 0.030 0.025 0.03 0.03 0.03 
Shape Spheres Plane Spheres Porous Porous 
Cathodic efficiency 0.29 0.80 0.80 0,95 0.95 
Weight  of" 
Cathode g/cm ~- 0.0483 0.0138 0.0193 0.0293 0.0628 
Anor g /cm ~ 0.0030 0.0009 0.0012 0.0018 0.0040 
Electrolyte layer g /cm 2 0.0360 0.0300 0.0360 0.0360 0.0360 
E lectrmyte in "pores"  g /cm ~ 0.0072 - -  0.0050 0.0100 0.0215 
Current  col lector g /cm e 0.0174 0.0174 0.0174 0.0174 0.0174 
PacKagh~g efficiency 0.41 0.21 0.23 0.33 0.47 
Specific energy W-hr /kg  52 74 80 121 174 
APPENDIX C 
The specific energy obtained from a practical bat-  
tery can be estimated as a product of stoichiometric 
specific energy, cathode efficiency, correction 1or over-  
voltage, and "'packing efficiency," which is the fraction 
of total battery weignt used for active materials. 
Using a simple fiat electrode configuration (Fig. 7) 
and }mowing cathode and electrolyte thickness and 
densities the packaging efficiency can be estimated. 
Assumptions must De macie about the weight of the 
currens collector and the weight o~ battery container, 
terminals, etc. The container, etc., is estimated to 10% 
of battery weight as for the lead-acid cell. 
As the cathode mater ials  discussed here are sup- 
posed to have high electronic conductivity, the pr i -  
mary  role of the cathode current collector is to sup- 
port  the cathode, be it a flat plate or an agglomerate 
of cyl inders or spheres. A 10 mesh nickel net with 
0.00o cm wire diameter is supposed to serve this pur -  
pose. It has a weight of 0.0174 g cm -~. The same net is 
used for the anode. 
For single layer spherical particles the amount of 
electrolyte must be increased by the electrolyte be- 
tween spheres (40% of normal cathode volume) and 
for porous electrodes consisting of cubic packed 
spheres with 48% of cathode volume. 
In Table II the dl l lerent weight components for the 
examples discussed in the main text are shown. The 
density for the electrolyte is set to 1.2 g cm-~ and for 
TiS~ to 3.2 g cm -3. The stoichiometric specific energp 
for TiS~ is 480 W-hr /kg and the overvoltage correction 
0.9. 
L IST OF SYMBOLS 
A constant in Eq. [10] 
B constant in Eq. [10] 
C(z) circular 1unction ~Table I) 
D chemical diffusion coefficient for cation- 
electron pairs in host lattice, cm 2 sec -1 
D + cation diffusion coefficient in electrolyte, cm2 
sec-1 
F 96,487C 
G (T, Q) function 
I total current per 9 tool 9 A mole - I  
Je, J l  Bessel functions 
Q parameter,  Q - -  TD/r 2 
Sm area per 9 mol 9 cm 2 mo1-1 
T stoichiometric discharge time, T ---- nF/I s 
X relat ive cation concentration, g = cVra/n 
X* X at cathode surface 
Xa average X before charge 
X D X* at the end of peak load 
Vm average molar volume of cathode compound 
a constant in Eq. [6] 
b constant in Eq. [6] 
c concentration, mol cm -s  
cA*, cc*, Cs* interracial  concentratons (Fig. 1), tool 
C+, C-- 
Co 
d 
f 
g(~) 
/c* 
J 
~+,J- 
3o 
cation respectively anion concentration in 
electrolyte, mol cm -8 
init ial  salt concentration i  electrolyte, tool 
cm-3  
electrode spacing, cm 
constant in Eq. [14] and [17] 
generating function. (Table I) 
current density, A cm -~ 
l imiting current density at cathode, A cm -2 
flux density of transported specie, mol cm -2 
se c - 1 
ion flux densities, mol cm -2 sec -1 
cation flux density into cathode particle, mol 
t in -2  see-1  
m 
P 
r 
t 
tp 
X 
Z 
Z+,Z-- 
cq 
~e 
addit ional flux density] due to peak load, mol 
era-2 sec-i 
number of particle layers 
limit for mole cation accepted per 9 mole 
host compound 
peak load factor Eq. [12] 
particle radius or thickness (2r), cm 
Laplace variable 
discharge time, sec 
peak load length, sec 
space coordinate, cm 
dimensionless length, z -- x / r  
numerical charge numbers 
roots in g (a) -- 0 
overvoltage 
concentration vervoltage 
electrical (galvanl) potential 
dimensionless time, ~ = t /T  
t , /T 
electrochemical potential  
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Heat Transfer in Lead-Acid Batteries Designed for 
Electric-Vehicle Propulsion Application 
K. W. Choi* and N. P. Yao* 
Argonne National Laboratory, Chemical Engineering Division, Argonne, Illinois 60439 
ABSTRACT 
Mathematical  analysis has been carried out for the heat transfer in lead- 
acid batteries designed for use in electric vehicles. This analysis has shown 
that the heat generated in the battery during recharge cycles may cause a 
noticeable rise of battery temperature in the absence of proper thermal man-  
agement. The results have shown that the ratio of the temperature rise during 
charge is closely related to the ratio of the energy densities of the two bat-  
teries. Of the cooling methods examined, electrolyte circulation along the 
battery plates was found to be the most effective in removing heat and pro-  
viding a uniform temperature field. Numerical  solutions are provided for the 
engineering evaluation of heat- removal  design during battery cycling proc-  
esses. 
In the development of advanced batteries for ap- 
plications to electr ic-vehicle propulsion, high energy 
density, power density, and long cycle life are re- 
quired. In a highly packed battery composed of 
modular  cells, the amount of heat generated in the 
cell due to ohmic loss, polarization, and entropy pro-  
duction becomes noticeable during cycling processes. 
If the internal  heat is not removed properly, this 
wil l  cause a rise of cell temperature which may affect 
the physical and chemical propert ies of the electrode, 
electrolyte, and cell components. The cell performance 
and cell cycle life may also be affected by the var ia-  
tion of cell temperature. For example, the electrolyte 
(sulfuric acid) may become more corrosive at higher 
temperatures or the cell current may become unstable 
on charge due to the rise of cell temperature. More- 
over, the active mater ia l  (PbO2) in the positive 
electrode may decompose to inactive forms depending 
on the temperature variat ion (1). These thermal  
effects may cause a gradual  loss of cell capacity and 
cycle life. 
In the passage of electrical current from one elec- 
trode through the electrolyte to the other electrode, 
heat is generated in the electrode and the electrolyte 
due to i rreversible ohmic losses. At the electrode/ 
electrolyte interface, the i rreversible polarization and 
the reversible or i rreversible ntropy production con- 
tr ibute to the heat being generated. The heat-transfer  
behavior across these mediums and how this heat 
is removed from inside the battery to the outer at- 
mosphere wil l  be an important consideration in cell 
performance and cycle life. To achieve the required 
cell performance and to maintain the energy density 
and cycle life, an understanding of temperature dis- 
tr ibut ion and heat- t ransfer  behavior within the cell 
may be helpful  in a sophisticated thermal design for 
removing the internal heat in batteries. 
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Baker, Gidaspow, and Wason (2) have examined 
general thermal behavior in fuel cells and batteries 
and the associated mathematical  techniques for ob- 
taining analyt ical  solutions for fuel cells and batteries. 
The analytical method is, however, l imited by the 
characteristics of the mathematical  functions and the 
boundary conditions. In the present analyses, mathe-  
matical models were developed for the studies of 
battery thermal behavior and heat-release processes; 
numerical  solutions were obtained by use of the finite 
difference method. Numerical solutions are provided 
and these are discussed in terms of engineering ap- 
plications. 
Thermal Phenomena in a Composite Lead-Acid 
Battery during Recharge Processes 
During electrode cycling processes, the electrical 
current passes through the electrode to the electrolyte, 
and the electrochemical reaction takes place on the 
electrode surface. Heat is generated at the electrode/ 
electrolyte interface owing to the surface polarization 
and entropy contributions and is also generated in 
the electrolyte and the solid electrode phases due to 
the ohmic losses. Previous study (3) has shown that 
the maximum temperature difference across the solid 
electrode and the electrolyte during charging in a 
porous PbO2 electrode (the apparent current density 
is N20 mA/cm 2) is less than 1O-4~ and approaches 
a steady value within a few seconds. Thus, at any 
location within the porous PbO2 electrode, the tem- 
peratures of the electrode and electrolyte may be 
regarded as the same. Also, for a composite lead-acid 
battery,  the cell may be treated as a homogeneous 
medium with the averaged physical parameters (den- 
sity, specific heat, thermal conductivity, and electrical 
conductivity),  and the heat generated may be aver-  
aged over the battery. This approximation is used 
in the following treatment for a composite lead-acid 
battery. 
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